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Abstract— This paper develops a diversity-multiplexing trade-
off (DMT) over a bidirectional random relay set in a wireless
network where the distribution of all nodes is a stationary
Poisson point process. This is a nontrivial extension of thBMT
because it requires consideration of the cooperation (or kk
thereof) of relay nodes, the traffic pattern and the time all@ation
between the forward and reverse traffic directions. We then se
this tradeoff to compare the DMTs of traditional time-division
multihop (TDMH) and network coding (NC). Our main results
are the derivations of the DMT for both TDMH and NC. This
shows, surprisingly, that if relay nodes collaborate NC dog not
always have a better DMT than TDMH since it is difficult to
simultaneously achieve bidirectional transmit diversity for both
source nodes. In fact, for certain traffic patterns NC can hae

(NCﬂ [2]-[4], which is known to be more efficient than
TDMH, and indeed saves one time slot compared to TDMH
[5]. Both of the approaches are illustrated in Fiy. 1(b).

The idea of wireless NC descends from Ahlswestieal.
[6] for improving the capacity of wired networks. By taking
advantage of the broadcast nature of the wireless medium,
NC achieves a significant throughput gain under certain
circumstances [4], [7], [8]. It also can be used to exploit
cooperative diversity between source and destination s1ode
[9], [10]. Since NC is able to provide diversity gain as wedl a
throughput gain, it motivates study on how the DMT of NC
behaves and if it has better tradeoff compared to TDMH. For

a worse DMT due to suboptimal time allocation between the

A . example, does the above noted throughput gain of NC come
forward and reverse transmission directions.

at the expense of diversity gain? Importantly, we consider
bidirectional transmission over a random number of relays —
the nodes in the networks form a stationary Poisson point
process and there exits a random set of idle nodes which can
The fundamental tradeoff between diversity and multiplexassist to route packets between the two source nodes. This
ing gain for point-to-point multiple input and multiple quit plurality of relays may cooperate in a number of different
(MIMO) channels was found in [1], and has become a populaays or not at all, and each cooperation scenario leads to a
metric for comparing transmission protocols. In this worldifferent DMT result for both NC and TDMH.
our first objective is to extend the DMT to the scenario The key to deriving the DMT of TDMH and NC is a suitably
of a multihop bidirectional relaying wireless network. Outefined outage event, defined as a failure of information
second objective is to apply this to the specific comparis@xchange between the two source nodes. The DMTs of TDMH
of traditional time-division relaying and network codingith and NC here are quite different from the previous multihop
the goal of learning when or how to use each of those protoc@#T works (typically see [5], [11]-[13] and the references
to acquire a better DMT. therein) due to their dependence on the traffic pattern, time
Our model considers the practical situation of two conallocation of bidirectional transmission, as well as therage
municating nodes in an ad hoc network, whereby each rigmber of available relay nodes in the random relay set.
both the source and the destination for the other. Thesesnodé&ie main results of this paper are two propositions which
pairs wish to exchange their packets over one or more relgspectively provide the DMTs of TDMH and NC. These
nodes because the direct channel between them is weak. Thegositions demonstrate that NC does not always provide
are many approaches to exchanging information between théetter DMT than TDMH in the relay collaboration case
two nodes, but in order to investigate a non-trivial DMTbecause bidirectional transmit diversity cannot be exgtbi
problem, we assume that the same frequency band is usediinultaneously: using an optimally selected relay node to
both directions and that all nodes are half-duplex, i.eapoa receive and transmit (or broadcast) is practically prédfiera
transmit and receive simultaneously. Specifically, we mers since it achieves the same DMT and no relay coordination
two multihop transmission protocols. The first approach is required. NC could in fact have a worse DMT if there
the traditional approach whereby the two sources share thesuboptimal time allocation for a certain traffic pattern.

relays in time. This so-called time-division multihop (T
Y P ( DM 1in this paper, we only discuss the DMT problem of network ngdivith

a_ppro_ach requires four time slots FO exch_ange a packet im e_%Ring on the MAC layer, which is so called “digital networkding”. The
direction. The second approach is multihop network codimMT problem of analog network coding is out of the scope irs thaper.

I. INTRODUCTION


http://arxiv.org/abs/0812.4471v4

Intuitively, if the offered traffic load is much higher in thewheree is the outage probability ofnformation exchange in
forward direction than the reverse direction relative t@ @i bidirectional relaying, R is the equivalent end-to-end sum
the source nodes, then bidirectional network coding may n@te of two source nodes, and 7 is the average signal-to-
be helpful for that source since it presumes a symmetric datéerference-plus-noise (SINR) ratio without fading, afhcan
rate. be written as

Il. SYSTEM MODEL OF BIDIRECTIONAL RANDOM ¥=E[]=E S ) 1)
I, + No
RELAYING ¢
wherele, =3 x,c,\x,) 0 [hx; 2| X;||~« is the aggregate
gnterference of a receive node that is a Poisson shot noise
procesd, || X;| denotes the distance between transmifter

The problem of information exchange by multihop routin
can be fundamentally characterized by a bidirectionalieta

system, as illustrated in Figl 1. The two source nadgsand and the origin, and > 2 is the path loss exponent, and is

X would like to exchange their packe¥®4 and Wy over - .
multiple relay nodes by TDMH and NC. TDMH needs fou}he noise power. Note thatand R are not defined based on

. traditional point-to-point transmission. In this work, they are
time slots to route the two packets and NC needs only three. e :
time slots due to broadcasting a XOR-ed padkei & Wy to G&fined by arend-to-end fashion because TDMH and NC are

dﬁ((:odeuand—forward multihop-based protocols. In addition, in

the two source nodes. Here the nodes in the ad hoc netw
are assumed to form a stationary Poisson point process (PF [I(b) we call the end-to-end rate from the left node to
Y P P he’ right node thdforward rate while thebackward rate is

of intensity\. The network is also assumed to operate a slotte . . S
. T - naturally the end-to-end rate in the opposite directione Th
ALOHA protocol with transmission probability, wherep €

(0, %) so that the transmitters are a stationary thinning Pégwgrgig?énip:fmeéﬂ Ij ;{he ratio of the backward to the
v l.e.p = pa/ItaB.

of m_tensny Ar = Ap, denoted by®; = ?{X“ € NJ. . Since the system we study here is aimed at information
The idle nodes (i.e., nodes are not transmitting or recg)vin L S
exchange over bidirectional relaying, it is important tce@me

3;i;esdtaglonaiy t{ll‘nr.]mgNI;EPI:_hogslgt?j?:z{);s)‘é;n_ 21; f)c’)rmthat the two source nodes in Fig. 1 can successfully decode
. Yo, 7{ irJ € ' > | S can p their packets at the same time. With this concept in mind,
like relays which are able to assist transmissions of other

. . : ) file reasonable way to declare an outage event happening in
nodes. Specifically, we consider there exists an “avaitdble _ .. . oo Y . 9 . P 9
. a bidirectional relaying system is whenever either one s®ur
random relay regimé 45 between nodes4 and Xp. Let
node or both source nodes cannot successfully decode the de-
the Lebesgue measure @f,5 denote byy, and thus the

maximum average number of available relay node®ins sired packet. Therefore, the outage probability of trassion

. rotocol s for the system in Fid.]1 is defined as

is v, \,.. Furthermore, we assume all nodeslin g are able P S Y dl

to collaborate under reasonable communication overhead so €s EP[Es,p Usyl, (2

that every relay node can share its received informatioh wit N N

others. In this contextD 45 virtually becomes a big relay where&s,p = {7y Is s < Rap} and&sp = {7 Isp < Rpa}

are the outage events of forward and backward transmission,

from node A toD .45 become a single-input-multiple-output™d {7y, 7 7y, € [0,1], 7 + 7, = 1} are time-allocation

(SIMO) channel (or a MISO channel frofft 4 5 to node A) parameters for forward and backward transmission, respec-
In this work we also assume there are no direct channels 6I¥(_§|y, and{ls s, Is,} are respectively forward and backward

tween the two source nodes, otherwise, mutihop is not need@éjtual information and studied in the following section.
All nodes in the network are assumed toHadf-duplex (nodes I[11. MUTUAL INFORMATION OF TDMH AND NC

cannot transmit and receive at the same time). The fading, this section we investigate the mutual information for

channel gains between any two nodesandY’, denoted by tpmy and NC under different relay collaboration scenarios.
{hxy}, are independent and identically distributed (""d'We first start with TDMH.

reciprocal and a zero mean, circularly symmetric complex

Gaussian random variables with unit varianp€xy } denote A. Mutual Information of TDMH

their corresponding channel capacities, and all tranersitt Considering relay collaboration and a Gaussian input dis-
have the same transmit powgs. In order to facilitate the tribution, then the forward and backward mutual informatio

following descriptions and analysis, here diversity gdiand for TDMH in a bidirectional random relaying set are shown
multiplexing gainm in [1] need to be redefined in our notationg phe

as follows:

1 _
d= — lim o8 6(7) and m = lim -,
y—oo  logy y—oo log ¥y

1 .
RW) ITDMH,f = ITDMH,b = 5 min {Ila I2} ) (3)

4The Poisson shot noise process for receiver riddehould be expressed
asley, = ZX'E(q’t\XU po lhx,v, |2 | X; —Y;||~<. Since®, is stationary,

2In this paper, nodeX; or Y; represents the node itself as well as itsaccording to Slivnyak's theorem f14] the statistics of sigreception seen by
location in the network. receiverY is the same as that seen by any other receivers in the network.

Swhere “available” means any relay nodedy g can successfully decode So the Poisson shot noise here is evaluated at the refereceear located
the information from both source nodes. at the origin.
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Fig. 1. (a) The bidirectional relaying system: the relay emdéh the random relay sé 4 between source nodes 4 and X g are a stationary PPP of
intensity A\,.. (b) The equivalent model. Information exchange betweamcgonode A and B is through the intermediate relay nodel3gl. R4p and
Rp 4 denote the end-to-enfdrward and backward rates, respectively.

where I; £ log (1+~ Y vpedap [PaD]? | Xa — Yp| =), diversity for both source nodes simultaneously. Accortyiriy

I, £ log (1+ Y vpepap lhoBl? [ X5 — Yp|~*) because results in a problem that the transmit diversity for bothrseu

the forward or backward transmission first virtually passe®des is unable to be exploited in the broadcast stage. This
through a SIMO channel and then through a MISO chann@roblem can be alleviated by using an optimal relay node to
Note that coefficient, means the forward or backward datdroadcast, which can be selected according to the following
stream needs 2 time slots. Since all nodes have the same pawigerion:

and all channels are reciprocal, the forward and backward
mutual information are equal.

Yp:. = argYDIrGl%)iB min{|l”LD,4|2 |IXa—Yp| ™%,

In the case of relay noncooperation, an optimal relay node lhpel? | X5 — Y|~} (6)
should be selected to assist bidirectional transmissiothby
following criterion: The above criterion is to select a relay nodelin g whose
N o 1 achievable broadcast channel capacity is maximal [4].
Yoo —arg max (||XA—YD| n X5 —Yp|| ) By using Yp: found in [B) to broadcast, the forward
Tou Yp€Dag |hapl? |hBD]|? and backward mutual information ifi gp and can be
2 . F et . jod
The selection criterion in{4) is based on the idea of findinrgeduced Ohes = hep = 3 mln{]l’l%} since I =
a relay node with the maximum end-to-end sum rates. onge(l + 7|hAD§c|2 [Xa = Ypg[[7*) and Iy = 105(1 +
Yp: . is determined, its corresponding forward and backward’ 5 *|I X5 — Ypy [|7*) so that we know/; > I, and
mutual information are the same as [ (3) with I > I, almost surely. On the other hand, in the case of
relay without collaboration what criterion we should fello
L= log (147 |haps,[* 1 Xa = Yos, [17%) to select an optimal relay node? The basic idea is also to
L, = log(1 +7|heps, |1 XB — Yoz, 7%) - search a relay node that can provide the maximum end-to-

o ) ) . end sum rate. For NC, the maximum end-to-end sum rate
Finding an optimal relay can also provide the same d'VerS'Héppens whenever the bidirectional traffic is symmetri, i.

order due to exploited selection diversity. This resultl Wi Rap = Rpa [4][8). In previous work [4], the maximum sum
proved in the sequel. rate of NC over relay nod&p in terms of channel capacities
is2(1/Cap+2/Cpp)~*t. So the optimal relay nodep; can

B. Mutual Information of NC -
be equivalently selected by
For NC, its forward and backward mutual information can

be shown as (2 |XB - Yp|* N [ Xa — YD||“>1

Yp: =arg max

2 PO YpeDar |hBD|2 |hAD|2 ’
hey = ;min {11, min {11, 12}} , (5a) @
9 L Therefore, according t¢](7) the forward and backward mutual
Iyep = 3 min {Iz,min {11712}} ; (5b) information for NC overYp: can be found as
~ o 2 o
wherel; = log (14+7|Yy, cn ., hapllXa — Ypl|7*/2?), Inc, = Iycp = 3 min{/y, I>}, 8

Iy = log(1+7|Xy,en ., hepl X —Yp|~*/%F), and i i

the coeﬁicient% is due to two data streams sharing threwherel; = log(1+~|hapy, 2 | Xa—=Ypy ||7%), Io = log(1+
time slots./; and I, stand for the mutual information for they|hppz|? [|[ X5 — Ypz | ~)) andYp,_ is determined by[{7).
forward broadcast channel and backward broadcast channel,
respectively. They are calculated by the sum of the channel
gains betweerD 45 and their respective destination source The cooperative diversity of time-division one-way refayi
nodes since the relays are unable to provide the transimits been investigated in [5] [13]. Here we investigate the

IV. MAIN RESULTS OFDMT ANALYSIS



DMT in bidirectional relaying for TDMH and NC. Before SinceYp:  is optimal inD4p and all channels are indepen-
proceeding to the DMT analysis, we first recall the definitiodent, we further have

of an outage event happening in a bidirectional relaying

system. According to[{2) and using Boole’s inequality, &roM.f <

bidirectional relayi tem has the following i fitf Xao-Yp|® | Xp—Yp|*\ "
idirectional relaying system has the following inequal 5 H PKH A—Yp| +|\ B D||> <'Y*dj"|

outage probability: 2 2
ge p y ey [hap] o)
€s S €sf T €sp 9) @)
where s meansTDMH Of NC, €55 = P[€s ] and es) = < yx (A vrdy),

P[€s, f]. According to[(9), the DMTs of TDMH and NC can bewhere(b) follows from Lemmd® in Appendix and Campbell’'s
derived in the following subsections. Note thathe following

) i ) e theorem [14]. Likewise, we can get a similar result éux »
analysis, we use notation yxx instead of 4” in order to dlearly ¢ shown in[{T2). Thus optimal relay selection achieves the

present the complicated expression of exponent . same DMT with relay collaboration ifi_{1L0). [ ]
A. Diversity-Multiplexing Tradeoff of TDMH

The DMT of TDMH with or without relay collaboration is
presented in the following proposition.

Proposition1: Consider®,. N D4p # 0 and every relay
node in D5 collaborates. TDMH achieves the following
diversity-multiplexing tradeoff

B. Diversity-Multiplexing Tradeoff of NC

Using NC in bidirectional multi-relaying has three trans-
mission scenarios. If all relay nodes collaborate, in thst fir
two time slots NC can have receive diversity Aty and
no transmit diversity in the third time slot if all relay nale
join to broadcast. A better strategy in this case is to salact

d= () (1 B 2m ) (10) optimal relay to broadcast. For relay without collabonatian

nr min{(1 + p)7, 1+ 1/} )’ optimal relay should be found to route packets. The DMTs of
wherem € (0,min{(1+ u)rs, (1 + 1/u)m)}/2). If there is NC with these scenarios have been presented in the following

no collaboration inD 45, then TDMH overYp. is able to P'OPOSItion.

achieve the DMT in[(Z0) as well, whergp-  denotes the Proposition2: Supposeb, D4 () and all relay nodes
optimal relay node found by¥4) ' TOMH in D 4p collaborate to receive and then broadcast at the same

Proof: Let &4 (Eg) denote the event that the relay nodgme' The following DMT is achieved by NC:

nodes inD 45 cannot correctly decod&’s (Wg) and €4 de1— 3m (13)
(€%) denote the complement &f4 (Eg). Thus we have N 2min{(1 + )75, (1 +1/p)7}’

€roma,f = P [Eromm,r|Ea]P[Ea] + P [Eromn, r|EG] PIEG] wherem & (O, % min{(1 + p)7¢, (1 + 1/,LL)Tb}). If an optimal

= Ples]+P[rsl> < 2 Rap])PIEY], relay node is selected b{1(6) to broadcast, NC achieves the
' following diversity-multiplexing tradeoff:

where P[EA] = P[Tf[l < 2RAB]- Let Rap + Rpa = 5
mlog(y) so thatRap = 14 log(v). By using I; and I d= (A, (1 _ m ) (14
in @), we thus have : Orr) 2min{(1 + p)75, (1 +1/p)7} B9

eun s < 2E[P[min{e", e} —1 < yx (df + 1)]]] Furthermore, if an optimal relay node is selected to receive
' (:) and broadcast then the DMT in_{14) is achieved as well.
o Proof: By the definition of outage and using the same
< AxAevedy), (1) gefinitions of& 4 andé&p in the proof of Propositionl1. So the
for largey andm € (07 %(1 + ,U)Tf)a whered; £ 2m/7;(1+ oOutage probability of forward transmission can be shown as
—1 and(a) follows from LemmdL in Appendix. Similarly, e -
CLv)e can sh(ov3/ PP y ene,y < PlEA|+P [277 min{ls, 1} < 3RAB}
EtpmEb < Y K* (/\r Vp db) , (12)

for largey andm € (0,1(1+ 1/p)7), whered, = 2m/(1+
1/p)m — 1. According to [9), it thus follows that

IN

Plea] + P |27/ ]> < 3Rap| +P |27/ 11 < 3Ras),

whereP[€4] = P [277]1 < Rap). Let Ryp = 15 log(7)
and consider the first case that every relay node collal®rate
. 2m _ to receive and then broadcasts without collaboration sanul
€rpmr <Y x| Ar Uy : 1 ) _ . .
min{(1 + p)7p, (1 +1/p)7} neously. For larger and using Lemmal1, it follows that

for largey andm € (0,  min{(1 + p)7y, (1 + 1/p)7}). . < s ()\ y J,) = 4= (— 7 )
) ) rUp + (=, + = *d
Now consider there is no collaborationin, 5. The optimal vef =7 ! (=, A
relay nodeYp: is selected according tbl(4). So we can obtain S 5 % Jﬁ (15)
eroun,g < 2P[min{|hapy,,[*1Xa — Yy, 17 for largey andm € (0,2(1+pu)7/3), wherel /Z,, and1/Z,,

\hpps 1?1 X5 — Ypr |7} <y *dy]. are respectively the variances ¢, o, hpalXa —

TDMH TDMH



Ypl[=*21> and | Yy, cp,, hos X5 — Yp[|~*/?%, and d

d; 2 3m/2(1 + p)7; — 1. Similarly, we can showye, < [DEAL DMT
3 % dy, for large ¥ and m € (0,2(1 + 1/u)m/3), where NC (Eq. (14))
dp = 3m/2(1 + 1/u)m, — 1. Then [IB) can be obtained since
enc < €xc,f t €nc,p-

Consider NC with optimal relayp: selected by[{6) to
broadcast. Then we have

TDMH (Eq. (10))
NC (Eq. (13))

P [QTfo < 3RAB}

= 771
5 w ~ o 0.45 = 1
=E|P |hD,§‘CB| ”XB_YDgC <’7*df’7
(a) Fig. 2. Diversity-multiplexing tradeoffs for differentansmission protocols
. N (Arvr > 1, p = 1). The results of solid lines are the case of optimal time
< Fx (A vy df), allocation for NC, i.e.,ry = 7, = 0.5. The results of dashed lines are the

case of suboptimal time allocation of NC, i.e; = 0.34 and 7, = 0.66.
where (a) follows that Yp. is optimal and{hpp} are
independent, and from Lemnia 1 in Appendix. Similarly, we
have V. SIMULATION RESULTS

P [2777]1 < 3RBA} S (/\r vy db) : From the above results in Propositidds 1 &hd 2, the DMT
achieved by NC would be worse than that achieved by TDMH
if the time allocation between forward and backward traffic i
e < 7% [)\ , ( 3m 3 1)} suboptimal. Here we simulate the DMT case that the two-way
- "\ 2min{(1 + )7y, (14 1/p0)7} traffic of the two protocols is respectively through theitiopl
Next, e e G 0 100k at the DT of N wsing S S5Ume 1l o s have e same et pover
optimal relay nodeYp- to receive and broadcasYp- is ’ . . any ) P
. e : . ne loss exponent 3.5 and is reciprocal with flat Rayleigh fading
determined by_[]7). le8WIS§, the first step is to calcula he distance between source nodes A and B is 60m, and the
ecs by @) with Rap = mbgw)’ and thus we know random relaying set is a circular area which has a diameter

the forward outage probablhtﬂllG) shown on the top of thgf 10m and is centered at the middle point between nodes A

next page. So we havac ; < 7 (A vy df) for large ¥  gnd B.

andm € (0,2(1 + p)7y/3) becauseYp, is optimal, and  gyppose the node intensity= 0.1, traffic pattern parameter
channel gains are |_ndependent S0 thqt L_erﬁ]na_Z in Ap.penng& 1, multiplexing gainm = 1/4. Consider the relays in
can be applied. Similarly, the exponential inequalityd@s iS  the random set are not cooperative and an optimal relay is
exc.o < 7%(Ar v, dp), for largey andm € (0,2(141/u)7/3), selected for routing/broadcasting the packets. The siionla
whered, £ 3m/2(1+ 1/u)m — 1. Thus NC over an optimal results of outage probability versus average SINR for ogitim
relay node achieves the DMT same as indicated ih (14 and suboptimal time allocation are shown in Figk. 3 Bhd 4,
The results in Propositiorid 1 afdl 2 have been presentedréspectively. We can see the diversity gain of NC is almast th
Fig. 2 for u = 1. For the case ofry = 7, = 0.5 in same as that of TDMH in Fid.l4, while in Figl 3 the diversity
the figure, NC always has a better DMT than TDMH whegain of NC is obviously superior to that of TDMH. Therefore,
relay nodes collaborate to receive and an optimal relay frem the DMT point of view one can also show that NC may
selected to broadcast. This is because relay selectiorsitive not be always superior to TDMH when time allocations for
is exploited to broadcast. If all relay nodes broadcast, NIC wbidirectional traffic are suboptimal and/or bidirectionaffic
loose diversity since it is hard to achieve bidirectionahBmit is asymmetric.
diversity at the same time for the relaysihy z. NC does not

necessarily have a better DMT than TDMH({if;, 7, } are not

optimally assigned. For example, if the forward and reverseThe DMTs of TDMH and NC in the different scenarios of
times between nod& 4 andD 4p are 0.01, the forward and relay collaboration have been investigated in this papke T
reverse times betweeh 4,5 and nodeX are 0.49 angk =1 information exchange between the two source nodes is over
then TDMH hasty = 7, = (0.01 4+ 0.49)/(0.5 + 0.5) = a random relay set in which the distribution of the relays is
0.5 and its DMT is A, v, (1 — 2m) while NC has7; = a stationary PPP. The DMT analysis here is based on end-
oI to ) a0 ~ 034 and7, = 1 —0.34 = 0.66 and its to-end bidirectional outage so that the DMTs are affected by
DMT in (I4) becomesi = X, v (1 — 2.2m). So NC has a traffic pattern, time allocation between bidirectionalficaas
worse DMT than TDMH in this case. Furthermore, the idealell as the average number of relay nodes in the random
DMT can be asymptotically approached if network coding canrelay set. Our main result proves that NC does not always
support information exchange fof source nodes withitv+1  have a better DMT than TDMH in the relay collaboration
time slots even whev is very large. case because bidirectional transmit diversity is diffi¢altbe

Therefore, we can conclude

VI. CONCLUDING REMARKS
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Fig. 3. Outage probabilities of the TDMH and NC protocols heiit Fig. 4. Outage probabilities of the TDMH and NC protocols heitit

relay collaboration. An optimal relay node is selected tceiee and trans- relay collaboration. An optimal relay node is selected toeiee and trans-

mit/broadcast for the two protocols and time allocationtflirectional traffic  mit/broadcast for the two protocols and time allocation idirectional traffic

is optimal, i.e.,ry = 7, = 0.5. is suboptimal for NC £; = 0.34 and 7, = 0.66) and optimal for TDMH
(ry =1 = 0.5).

achieved for both source nodes at the same time. In addition,
the DMT of NQ cou!d be worse than that of TDMI_—|.as V_Ve"event of g1 |17 < 0(w), g1 1]~ + g2 | Zo] @ <
due to suboptimal time allocation between the bidirection @), .3 g 121~ < 6(w). Hence

traffic. From the DMT results, we can obtain some insight '~~~ “Zx€®: - ' '

of how to do time sharing between the bidirectional traffic to

achieve a better DMT for a given traffic pattern. B
g P | 3 aullZil < oo
APPENDIX Zoed.
LEMMAS FORDMT ANALYSIS &

Definition 1: A function g(w) : R4y — R, is said to =log{ P ﬂ Zgj 1Z;]7 < 0(w) ’(I)z
exponentially smaller than or equal tg i.e., g(w) < W%, Zre®. \J=1
if lim, o0 logg(w)/logw < . Similar definition can be -
applied to the equal sign. <log<P| () (gxl1Zkl ™ < 6(w)) “I’z

Lemmal: Let B, C R? be a Borel set andd’ £ Zr€®s
{(Zi,9:) : i € N} be a marked stationary PPP of intensity (@) log d P Z0- < o(w) @
where {g;} are i.i.d. exponential random variables with unit Z 8 9 | Zill7 < 0(w) = ¢

. . Zred,
mean and variance. The distance between nddend the wE

origin denotes by Z;|| andf(w) : Ry — Ry . If O(w) — 0 _

asw — oo and f(w) is exponentially equal td.., then we where(a) follows from the independence between all random

have variables. Since all random variables are exponentiah the
further have

Pl Y grllZell ™ < 0w)| Swr(Aov:bo),  (17)
Zred, —« «@
. _ P gk | Z| §9(w)‘<1>z} = 1 —exp(=[|Zk/|"0(w))

wherea > 2, &, = &, NB,, andv, is the Lebesgue measure
of B.. (v)

z , . ' < @

Proof: Without loss of generality, assume that the fi- < [1Zel%0(w), (18)
nite random sequencegy || Zx|| ™ : Zr € B.,k € Ny}
forms an order statistics, i.e{g: | Z1]|™® < g2||Z2|~® < where (b) follows from the fact thatg; is an exponential
93 |1 Zs||7*- -+ < gl Zk]|™* < ---}. Thus, the event random variable with unit variance and? > 1—y, Vy € R,.
> z.ea. 9l Zk| 7% < 0(w) is equivalent to the intersectionUsing [18) and lettingB. be outer bounded by a minimum



disc of radiuss, then we have

[1]
P l > ok llZell ™ < 9(“)1
A,

[2]
< exp {IE }

[
© (B(w) s™%) * (A v2),

where(c) follows from Campbell’s theorem [14]. By Defini-
tion[1 andf(w) = w~, the result in[(17) is readily obtained. [5]
[ |
Lemma2: Let T be a given countable finite set with [6]
cardinality|T| andV be a random vector set whose elements
arem-tuples, independent and nonnegative, Me5 {V,,i € 7]
Ny V; € R,V 1LV;,i # j}. Supposevt € T, V; =
(Viys Vigs -, Vi,,)T € V is an exponential random vector (6]
with m independent entries and € R, . Supposet* £
argmaxieg f(Vy) where f(V,) is defined as

H:il Vtz
ity Bilw)(Va)™
where {3;(w) € R..} are exponentially equal t§s;__}. If

f(w) is exponentially equal td,, andf(w) — 0 asw — oo,
then for sufficient largev we have

S log(6(w)) — alos(1Z4)

VANSL

)

(4]

El

f(Ve) £ (19)

[10]
[11]

. + [12]
Pf(Vi) < O(w)] < wlT1OcFmBra),

A
= maxi{ﬂix,()}.
Since we know all random vectors i are

(20)

where st

max

Proof:

[13]

independent and* = arg max;es f(V¢), we have [14]
P[f(Vie) <Ow) = [[PIF(V) <8@)]. (1)
teT
In addition, for anyt € T it is easy to show that
‘/t ‘/t . m+1
> max min —
1V 2 bn)p () = oV B,

Vipw = max{V}, ¥, £ (Vi,.)™/ (Vi)™ Thus,
Plf(Vy) <Ow)] < P[Vi,. Vs, < t0(w)]. Also, we
know

- (@) o1, 0(w)
P [V, ¥y, < ¢,,'0(w)] < i
[ t t ( )} R,y (bm(w)wtm
where fy, (¢, ) is the probability density function o¥;
and (a) follows from exponential random variablé, with
parametep;, ande™* > 1—z, Vz € R,. So for largew, we

f‘lltm (djtm) dwtm )

can obtain
Pf(V:) < 0(w)] < Hatf(“)E[%}
i=1 m tm
< Tifgn @)]"0(w),

whereX; £ (E[1/¥,, )" [[~, o.. So [21) becomes
Pf(Vi-) <b(w)] [Se($m(w) " 0(w))' 7.

For largew, P [£(Vy+) < 0(w)] < w!T10x+mbBl).

<
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